Three-dimensional analysis methods to calculate residual stress for functionally graded material (FGM) sample using sialon polytypoids to join silicon nitride and Alumina are introduced in this paper. The various multilayered FGM samples with 3, 9, and 20 layers were sintered to fabricate a crack-free joining of heterogeneous ceramics. To calculate three-dimensional thermal stresses of those fabricated FGM samples, a finite element analysis tool, ALGOR, was used. The Von Mises failure criterion and the maximum stress criterion were applied to predict failures in the FGM samples. For each case, calculated strength of each FGM layer by rule of mixture was compared with predicted thermal residual stresses. The Von Mises failure criterion predicted the locations of cracks more precisely than the maximum stress criterion. Such analyses are especially useful for graded FGM samples where the residual stresses are very difficult to measure experimentally.
Introduction
Concept of using functionally graded material (FGM) to the joining of materials is an important process commercially and technologically. 1, 2) The FGM bonding has a continuous change in one composition from one side to the other, with a corresponding compatible gradient of thermal expansion properties. The purpose of FGM is designed to take advantage of certain desirable features of each of the constituent phases. For a situation where FGM is used to separate regions of high and low temperature, pure ceramic needs to be located at the hotter end because of the better resistance to the higher temperatures. For the cooler end, metallic materials needs to be located for its better mechanical and heat-transfer properties. The possibility of using a graded junction allows a potentially effective joining of ceramics with widely differing Coefficients of Thermal Expansions (CTEs). This concept has been used successfully in sialon polytypoidal functional gradient joining of dissimilar ceramics, Si 3 N 4 and Al 2 O 3 , described in Ref. 3) . Such a design allows a gradual change in thermal expansion mismatch, minimizing the thermal stresses arising from cooling or heating. Therefore, FGMs offer solution to the thermal stress problem and have created wide interest recently. [4] [5] [6] [7] [8] [9] Since the thermal stresses need to be minimized in FGM research, several studies have focused on the theoretical and experimental assessment of these stresses in FGM. 1) For a more general two-dimensional (2-D) or three-dimensional (3-D) problem, numerical methods such as a finite element analysis (FEA) are required. This concept has been used successfully in analyzing residual stresses in axisymmetric mode, as described in Ref. 10, 11) .
In this paper, various FGM joints were processed and the thermal stresses and failure for each sample were analyzed in 3-D using FEA program ALGOR 12) to confirm experimental results. ALGOR is a finite element analysis program to calculate three-dimensional thermal stresses within FGM. Moreover, Von Mises failure criterion and maximum stress criterion were applied to predict failures, and this analysis results were compared with the fabricated samples.
Experimental

Material fabrication
To create FGMs, a ''mixture rule'' was applied to make the gradient since it has been widely used in the modeling of FGMs. A material having two components, denoted as A and B, is considered. Let P A and P B be the values of some particular property for pure A and pure B, respectively, and let their respective volume fractions be f A and f B , where f B ¼ 1 À f A assuming that the material is 100% dense. For an FGM, these values of f are dependent upon position along the graded direction. The well-known Voigt-type estimate for the effective value, P, of the property of FGM is
This ''mixture rule'' was applied to calculate CTE of each graded layer so that the final FGM with 18 graded layers would have a CTE difference of approximately 0:2 Â 10 À6 / C between each layer, to minimize residual stress. FGM was fabricated by the following method; first, powders of each composition were mixed in isopropanol solvent, and then powders were agitated using the ultrasonicator to prevent an agglomeration. Si 3 N 4 powders from H. C. Starck with a particle size ranging from 0.4-1.2 mm were used, and Al 2 O 3 powders from Sumitomo industries with the particle size ranging from 0.1 to 0.3 mm were used. 12H sialon polytypoid powders were obtained from Novel Technologies. 3 mass% Y 2 O 3 was used as sintering additive for polytypoid powders.
3) These powders were dried, and sieved and were stacked layer by layer. The green body was pressed using a cold press to maintain a cylindrical shape. The appropriate layers of powder mixes with various thicknesses were successively filled in a graphite hot-press die of 1 inch (2.54 mm) diameter to prepare the sample. The sample was subsequently hot-pressed at 50 MPa, at 1700 C, for two hours, and then furnace-cooled to room temperature at 2 C/min.
3) Details of the processing and characterization methods are described by Lee et al.
3) Optical micrographs were used to locate cracks at the cross section of the samples.
Finite Element Analysis
Calculation of residual stresses using FEA
The thermal stresses of this FGM geometry were computed taking into account of both CTE and modulus variation of the multitude of joining layers. These formulations do not contain an explicit reference to the microstructure of the FGM, but it can be assumed that the behavior of the composite can be calculated solely from the properties and volume fractions of the constituents. By using the effective properties of the FGM and by tracking the changes in the composition through the effective properties, the residual stress calculations are obtainable without specific microstructural modeling. Moreover, since the actual residualstress measurement and stress analysis of this FGM sample are very difficult, the calculation using FEA will be beneficial to the majority of practical FGM material combinations.
The coordinates for the stress analysis of the cylindrical FGM specimens were defined as Fig. 1 , and each 3-D FEA model was created according to the dimensions of each specimen. Figure 2 shows an example of the three-layer FEA model consisted of 4032 brick elements and 14140 nodes.
The residual stresses can be assumed to be generated at the cooling stage when sintered temperature of 1700 C was dropped to 20 C. Thus, 1680 C drop of temperature was applied as the thermal loading to the ALGOR analysis for residual stresses calculations.
Failure criteria
Two failure criteria were applied to the experimental data to explain failure of FGM layers: Von Mises criterion and maximum stress criterion. The Von Mises failure criterion represents failure by maximum shear stress.
As shown in eq. (2), when the tensile yield strength ( y ) of certain area of the sample reaches the left hand side of eq. (2), the material fails. For brittle materials like ceramic, ultimate tensile strength may substitute the tensile yield strength.
Maximum stress criterion compares each orthotropic component of stress obtained from analysis result with tensile strength of the material. If any component of stress exceeds strength, failure of structure is assumed. Figure 3 shows the cross section of the three-layer FGM with distribution of thermal residual stresses calculated by FEA. To compare the locations of cracks in each joint with the failed location by Von Mises stress, the maximum Von Mises stresses for each FGM layer and predicted strength of the layer were marked together as shown in Fig. 4$6 . For the three-layer FGM joint, a thick interlayer which has a similar thickness as two base materials was used in the middle. This thick interlayer was expected to relieve some of the strain energy that accumulated during the cooling process. However, the result in Fig. 4 showed that cracks were developed due to high residual stresses build up among the interfaces.
Results and Discussion
Residual stress computations by Von Mises criterion
The Von Mises stresses by FEA were ranged from 32 MPa to 1669 MPa. The maximum Von Mises stress of Si 3 N 4 (590 MPa) was slightly less than tensile strength of Si 3 N 4 (595 MPa, Table 1 ) resulting in no cracks. However, maximum stresses for polytypoid layer (1073 MPa) and Al 2 O 3 layer (1669 MPa) were greater than these tensile strengths (455 MPa and 200 MPa respectively, Table 1 ). That simulation matches experimental results as shown in Fig. 4 where cracks were developed only on polytypoid and Al 2 O 3 layers.
Since adding a thicker layer did not resolve crack problems, grading layers were added between the joining materials to relieve residual stress, as shown in Figure 5 . Although the gradient across the length of the joint was varied by 25 mass% increment in composition to make nine layers, and the maximum stress of the nine-layer joint was reduced significantly to 670 MPa, some vertical cracks were still observed, indicating that there was still high residual stress build-up. Large vertical cracks seem to propagate from Al 2 O 3 due to the large thermal stress. Moreover, small cracks were observed in the 100% 12H polytypoid layer toward the Si 3 N 4 side. 12H polytypoid is a faulted structure in which the fault periodicity depends on composition through the cation/ anion ratio as described by Lee et al. 3) Since the calculation indicates that the maximum stress is located at the interface between 100 mass% Al 2 O 3 and 25 mass% polytypoids -75 mass% Al 2 O 3 , cracks seem to be initiated from that location. Overall, the FEA results of failure and experimental data for this nine-layer case agreed quite well.
Finally, an FGM joint that consists of 20 graded layers was fabricated successfully (Fig. 6) . The composition along the gradient was varied by 10 mass% to create a smooth gradient across the thickness. As can be seen from Figure 6 , the composite Si 3 N 4 -polytypoids-Al 2 O 3 was crack-free. While the range of stress was found to be from 8 MPa to 348 MPa, each layer had the stress less than its strength. The maximum stress (348 MPa) was located on the side of 90 mass% polytypoids -10% Si 3 N 4 , but this stress was also less than the strength (463 MPa) of the layer. This calculation does show how this 20-layer sample came out crack free. Therefore, the thermal residual stress and the location of maximum Von Mises stress can be reasonably predicted by using ALGOR. Figures 7 through 9 show the axial, radial, and hoop stress distributions of the 3, 9, and 20-layer FGMs. These data were obtained from the 3-D FEA results to show individual stress components.
Residual stresses computation by maximum stress criterion
For the axial stress at r ¼ R in the 3-layer joint, the range of stress was found to be from 997 MPa to À967 MPa whereas in the 20-layer FGM, the range of stress was found to be from 251 MPa to À98 MPa. The result showed a dramatic decrease in axial stresses as well as in the radial and hoop stresses as the number of FGM layers increases. Along with the stress components, calculated strengths were plotted with dotted lines in these figures. Since ceramic is generally weaker in tension than compression, only tensile strength was plotted for comparison with each stress component. Although the individual comparison of stress values with strengths cannot exactly predict locations of cracks of the FGMs, among three stress components, radial stresses dominantly affect the failures of the samples. For 3-layer and 9-layer FGMs, Al 2 O 3 side radial stresses reached about the same or higher stresses than strength values (Fig. 8) . The information obtained from these individual stress analyses can be applied to optimizing layer thickness in the future. For example, if the 'Al 2 O 3 side' and 'middle' of 9-layer FGM had more number of FGM layers, failure could have been prevented.
Conclusions
The FGM of Si 3 N 4 -Al 2 O 3 using polytypoid functional gradient was successfully fabricated by powder stacking method through a series of experiments. The Finite Element Analysis tool (ALGOR) was used to calculate the threedimensional residual stresses in the various FGM samples to compare stress distribution in the samples. The result showed a dramatic decrease in radial, axial and hoop stress as the FGM changes from three layers to 20 graded layers. Similar trends in stress reduction were observed in Von Mises failure criterion. The analysis using Von Mises criterion agreed better with experimental data than that by maximum stress criterion. Such analyses are especially useful for graded FGM samples where the residual stresses are very difficult to measure experimentally. 
